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Abstract—Particle filters on Lie Groups represent a
cutting-edge approach in nonlinear filtering and control.
By generating randomly distributed particles from proposed
densities, while accurately preserving rotation matrices, they
offer a promising solution to nonlinear systems. However,
particle filters grapple with numerous challenges such as high
computational costs due to the large number of particles needed,
vulnerability to particle degeneracy as well as the curse of
dimensionality. To address these issues, Sequential Markov Chain
Monte Carlo (SMCMC) methods aim to mitigate sensitivity
to high-dimensional systems by iteratively sampling from the
posterior density of the system state, gradually refining the
estimation. In this paper we extend SMCMC techniques to matrix
Lie groups, resulting in the Lie Groups Sequential Markov
Chain Monte Carlo (LG-SMCMC) filter that circumvent the
major drawbacks of particle filters. The proposed approach
incorporates enhancements based on the Metropolis-Hastings
algorithm, further improving the algorithms efficiency and
robustness. To validate the effectiveness of these methods, the
algorithms are tested on an Unmanned Aerial Vehicle (UAV)
navigation scenario with challenging discrepancies in the noise
tuning.

I. INTRODUCTION

Nonlinear state estimation is a fundamental aspect of
robotics, involving the fusion of data from various sensors to
track variables of interest while mitigating sensor inaccuracies.
The Particle Filter (PF) has traditionally been favored for
solving nonlinear problems with non Gaussian noise due
to its practical applicability. However, its performance, in
particular for angular variables, is heavily influenced by
particle impoverishment and sample size dependency, that may
yield inconsistent estimates.

Recent studies have highlighted the superiority of particle
filters operating on manifolds [1], [2] over their Euclidean
counterparts, offering enhanced robustness, accuracy, and
computational efficiency. In particular, Lie groups present
a structured algebraic framework well-suited for addressing
scenarios involving rotational motions. Various extensions of
the Particle Filter tailored to Lie groups, such as Kernel Lie
Group Particle Filter (KLGPF) [3] and Lie Group Laplacian
filter (LGLP) [4] have emerged, setting new benchmarks in
nonlinear filtering.

In the context of filtering problems, Sequential Monte
Carlo Markov Chain (SMCMC) methods [5] were developed
to address the major challenges of the Particle Filter. By

exploring the state space more efficiently through Markov
chain transitions and by sampling particles directly from
the target density, these methods offer a powerful and
flexible approach to filtering problems, overcoming challenges
associated with high-dimensional state spaces and weight
degeneracy.

This paper proposes a novel framework for deriving
SMCMC [6] on unimodular matrix Lie groups, offering
a broader scope for estimation problems. It introduces
a novel approach encompassing techniques such as
Metropolis-Hastings sampling [7], therefore providing a
framework for generating samples from a target density by
constructing a Markov chain within the Lie groups formalism.

The proposed approach is evaluated through simulations of a
nonlinear UAV flight estimation scenario, comparing SMCMC
and particle filters on Lie groups against their Euclidean
counterparts. Results demonstrate improved accuracy and
robustness with low computational complexity, making the
method promising for real-world applications.

In what follows, Section II states the estimation problem and
details the main concepts of matrix Lie groups and SMCMC.
Then, Section III details the framework leading to SMCMC
on Lie groups, which is the main contribution of this paper.
Section IV describes a simulated navigation problem for an
UAV and tests the method introduced in this paper. Eventually,
Section V concludes the paper.

II. PROBLEM STATEMENT
A. Introduction to Lie groups

1) General definitions: A Lie group (G,-) refers to a
manifold with a group structure [8]. It is characterized by a
tangent space at its identity point, known as the Lie algebra,
represented as g. A local bijection can be defined between
the Lie group and the Lie algebra at the vicinity of the group
identity I, the group exponential expg : g — G and the group
logarithm logg : G — g.

For matrix Lie groups, these mappings can be formulated using
matrix series [8]:
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Given that g has a dimension d, we can introduce two
isomorphisms with the Euclidean space:

[":R? =g, and []":g—RY, (2)
with their compositions with expg and logg denoted as:
expg([1") = expg () ; logg([]Y) =logg(). ()

A summarized depiction of these mappings is provided
in Figure 1. Note that the bijection between G and RY
theoretically applies at the vicinity of 1.

Bijective
areas

Fig. 1: Visual representation of the Lie group structure. The
group exponential expg and logarithm logg establish a local
bijection between G and R?, with the algebra g representing
the tangent space at I [9].

2)/\Gr0up errors: Consider two state matrices, denoted as
(X, X), belonging to the group (G, -). Since the group law
is not necessarily commutative, as exemplified by the rotation
matrices group S0(3), the group error between X ~and X can
be expressed in two ways: on the right as nft = XX, and
on the left as n¥ = X1X.
Furthermore, the representation of the (whether left or right)
group error 7 in Euclidean space, denoted as €, can be
described as follows:

e = logg (n). @)

This formulation serves as a crucial aspect of Lie group filters
performance [10] as it translates a matrix error into a vector
error, which maintains accuracy over a broad domain, even for
angular variables.

3) Probabilities on Lie groups: Let X ~ Ng(u,P)
represent a random matrix following a concentrated Gaussian
density on G with mean p and covariance matrix P. Its
probability density function can be approximated by [11] [12]:

1
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p(X) =

where € = logg (111 X) in the left case, and € = logg (X p~1)
in the right case, and || - ||p denotes the Mahalanobis norm

with respect to P. This definition holds when the density is
concentrated around its mean, indicating that all eigenvalues
of P are sufficiently small to remain within the bijective area
of the group exponential [12].

B. Farticle filtering on Lie groups

Let {Xt}ren+ € G denote a discrete-time hidden state
matrix X, and {Yy }ren+ € H represent a set of observations.
A generic discrete-time nonlinear system is formulated as

follows: .
{ Xi = f(Xp—1,n]_1),
Yk = h’(kanZ)v

where (n{_,,n}) are noise vectors, H is the Lie group
of the measurements, and (f,h) denotes a pair of
nonlinear functions, the dynamics model and the observation
model respectively. A filter aims to estimate the posterior
density p(X|Y1.x), where p(Xy) is known, and Y7, =
{Y1, .., Y:}. To address this estimation problem, the Lie
Group Particle Filter (LG-PF) generates a set of samples
that approximate the filtering density under the following
assumptions [13]:

e {X)}ren+ has a Markovian evolution;

o {Yi}ren+ are mutually independent and identically

distributed given the state;

In that case, the state follows a density on G. The LG-PF
algorithm operates in a manner akin to the Particle Filter (PF)
but requires that each particle belongs to the manifold G. Thus,
the sampling of the particles has to account for the group
geometry and its curved shape:

(6)
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Fig. 2: TIllustration of the Sampling on Lie groups [9].

Therefore, the filter initially generates a set of particles eV

following a centered Gaussian density on the Euclidean space.

This ensures that the particles are computed close to the
identity:

"N NG (0, By), (7)

where N, is the total number of particles. Then, each particle

is projected into the group with an exponential and translated

by a left or right mean p to create a random sample that

follows the Lie group geometry, as shown in Figure 2:
Left: X{ = pexpg(e'),

Right : X{§ = exp§ (") p. ®)



Then, it performs a propagation step, where each particle
follows the dynamics of the system:

Xi = f(Xi_y,nl ). ©)

Subsequently the filter performs a weighting step by measuring
the likelihood associated to each particle with respect to the
observations and the measurement noise density, thus linking
a weight w’ to each particle:

w, o< wi_y p(Vil X3)- (10)
An estimation at step k is then given as a mean of all the
particles and their updated weights. As shown in [14], the left
case mean of the sample endowed on Lie groups becomes:

N,

g such that Zwlk 1ogg(,u,;1X,i) =0.
i=1

(1)

There are many ways to find an approximate of the mean
[15]. In this paper, we will use the fixed point iteration to
compute the mean in the left case [14].

The diversity of particles plays an essential role as they need
to entirely cover the posterior density function to give a general
depiction of the goal density. A resampling step is therefore
needed, using a resampling method such as multinomial,
stratified or systematic re-sampling to avoid weight degeneracy
[16]. The Particle Filter (PF) described in this paper utilizes
the Sequential Importance Resampling (SIR) method and thus
monitors the particle weights using the following criterion:

2 < Nth7 (12)

1
Ngp= =52
> (w)
where Ny is a parameter chosen equal to 0.75N,. In
contrast, the Lie Group Particle Filter (LG-PF) presented here
implements systematic re-sampling, wherein the resampling
step occurs at each iteration.

Weight degeneracy and high dimensional states can
negatively affect the filtering process by exponentially
increasing the number of particles and thus the cost of
computations. This is known as the curse of dimensionality
and is one of the biggest issues that particle filters regularly
faces. Indeed, not increasing the number of particles in high
dimensional areas can degrade the estimation quality and make
the filter either over-conservative or divergent.

C. Sequential Monte Carlo Markov Chain methods

SMCMC methods are based on Monte Carlo simulations
and rely on the Bayesian theory to estimate the posterior
density of the state X given the measurements Y7.;. The
Bayes rule states that:

(Y| X1 )p( Xk | Yiie—1)

XilYi.) =
P(Xe1:e) P(Yi|Y1:6-1)

13)

This equation updates our beliefs about the state based on
new measurements. It is shown that the posterior density can
be written as [17]:

NP
p(Xi|Yig) ~ Zw25x;(Xk)~ (14)
i=1
SMCMC methods then generate samples from the posterior
density. One common technique is the Metropolis-Hastings
algorithm which involves proposing a new particle X 7 at step
k, where j € [1, N, + N,], and accepting or rejecting it based
on a defined acceptance probability:

p(X{IYi) (X{~'1X)
(XL ) oKX )

A()N(,g, X,z_l) = min (1

15)
where X ,i is the proposed particle, X,z_l is the current
accepted particle and ¢(X7|X]™") is the proposal density.
The Markov Chain method is visually explained in Figure 3,
providing an intuitive showcase of its principles:

Initial particle

o | X

Rejected particles

Posterior density
P Xl Y1)

‘ Markov Chain length: j € [1, (Nb + Np)] ‘ ‘

Fig. 3: Visual representation of the Metropolis-Hastings
Markov Chain approach.

Therefore, this method computes the acceptance probability
for the proposed particle based on the ratio of the posterior
and the proposal densities. The sampling process at step k
works as follows:

Algorithm 1: Metropolis-Hastings algorithm

1) Sample:
« Initialize the chain with arbitrary value X°
2) Iterate:
« Propose a new particle X7 ~ ¢(X|X7~1)
« Compute the acceptance ratio A(X7, X7~1)
o Generate a random variable u ~ 2/(0, 1)
o If u < A(XJ, X771), accept the proposed particle,
X7 = X7; otherwise, reject it, X7 = X7~1

III. SEQUENTIAL MARKOV CHAIN MONTE CARLO FILTER
ON LIE GROUPS

The Sequential Markov Chain Monte Carlo (SMCMC)
Metropolis-Hastings method on Lie groups, as outlined in this
section, operates by iteratively updating the states of a system



based on a sequence of samples. The primary contribution
of this paper lies in establishing analytical formulas for this
method specifically tailored to Lie groups.

Algorithm 2 involves two main steps: the iterative particle
propagation step and the Markov chain generation step.
These steps are influenced by the burn-in parameter denoted
as Np, which plays a crucial role in determining the
algorithm’s behavior. It characterizes the number of iterations
required for the filter to converge. The higher the value of
Ny, the closer the estimated density will be to the true density.

The initialization step involves sampling e'V» particles,
which are then reshaped into the Lie groups framework
using a left initial mean, denoted as po. This mean is
computed based on the initial true state p§"°, such that
Lo = ugr“e ~+ Ninitial- Initial dispersion values are shown in
Table II.

In the propagation step, the algorithm propagates the
particles by using a model that describes the dynamics of
the system. This step generates (N}, + N,,) proposals for the
next state, leveraging both the current state and the dynamics
model, with some process noise ”Z—l as outlined in Table
III.

Subsequently, in the generation step, the proposed particles
are evaluated and either accepted or rejected based on a
criterion that balances exploration and exploitation. The
Metropolis-Hastings algorithm achieves this by comparing
the likelihood of the proposed particle to that of the current
state, along with incorporating a random factor to explore the
state space effectively.

Finally, the mean and covariance matrix on Lie groups are
computed. Here, (p1 1)~ " denotes the SE5(3) inverse of the
mean fix41 at step k + 1, which is eventually used for the
convergence criterion.

IV. APPLICATION TO NAVIGATION

A. Context and Modelling

In this section, we apply the Monte Carlo method
introduced in Section III to the navigation of a UAV, with a
simulated trajectory depicted in Figure 4. This trajectory is
designed to emulate a short flight of duration 75.1s, where
the total time step T = 751 and the integration time step
dt = 0.1. The UAV has a maximum speed of 160 m.s~!.

In our model, we establish the Earth frame [e] as fixed
relative to the ground. Concurrently, the body frame [b]
is affixed to the vehicle, with its axes oriented forward,
rightward, and downward. The objective of this scenario is
to determine the UAV’s position x¢, velocity v, and attitude

Algorithm 2: (Left) Sequential Monte Carlo Markov
Chain on Lie Groups

Initialization

o Initial sample: e“No ~ Na(0, Id)

« Left mean displacement: X "* = 11 expfy (¢1:V7)

« Initial Weights: wy"” = 1/N,

Time loop: for £k =1:T

1) Propagation step:
Loop: for j =1: (N, + Np)
o Generate a random variable: I ~ (1, N,)
« Spread particles: X/ = f(X}_,,n? )
« Compute weight with likelihood: @], = p(Y%|X})
End loop

2) Generation step:
Initialize Markov chain: Y,lc = X} and W}, = 0}
Loop: for j =2: (N, + Np)
« Generate a random variable: u ~ U(0, 1) _
o Compute the acceptance probability A(X ,g,Yf;l)
o Ifu < A(f(,z,Yf;l)

— Accept the proposal: Yi = X’ ,1
- Otherwise, reject it: X, = Y?;l

End loop

3) State estimation

. . : ——Np+1:Ny+N
o Retain last particles: X ;'Np =X," v

k
. . 4 _ Np+1:Ny+N,
« Retain last weights: w,""NP =, " T

« Normalize weights: w, 7 = w;, NP/ SV
o The mean is given by p such that:
iy wj logg (s, Xj) =0
o The matrix covariance P, is given by:
N T 1 oinT
iy wilogg (uy ' Xi) logg (my' X})
End loop

represented by the rotation matrix Cj. Utilizing discretized
kinematic equations of second order, we have:
— A b t
Cy k1 = Ch i €XPgo s (dt wly +n5%y)
vf = v +dt (le’kazb + ge> + n};ill,
x§ . = x5 +dt vf + 0.5 dt? (Cg"kagb + ge) + 1o
(16)

where (a%,w?,) represent the inertial acceleration and
rotation rates, respectively, as measured by an Inertial
Measurement Unit (IMU). The parameter g is the magnitude
of the acceleration due to gravity and the process noise terms
ni = [,y ni°|T denote centered Gaussian noises.
The IMU’s measurement frequency and noise characteristics
are detailed in Table L.

Throughout the flight, a set of nine beacons is continually
observed, each with positions marked as {p, ..., p§}. A sensor
onboard the UAV captures the angles of arrival (AOA) relative
to each beacon, as illustrated in Figure 4. The equations



governing angular measurements are:

arctan 2 (Ai’l’y, Afm) )
Y arctan 2 (A%,w \/(Alﬁ,x)Q + (A’I;L,y)2> +n", (A7)
where Al = [AL AL AL T = CP(pt — 2°) is the

relative distance between a landmark and the UAV resolved
in the body frame [b], n” is a white centered Gaussian noise
which density is given in Table I, and arctan 2(y, z) is such
that V(z,y) # (0,0):

sign(y) arctan || x <0,

arctan 2(y, x) = s%gn(y)% z =0,

sign(y)(m — arctan [£]) z < 0.

(13)

Sensor (IMU) Noise (10) Rate
Accelerometer 10-%F m.s—2 10 Hz
Gyrometer 1075 rad.s™! 10 Hz
Sensor (AOA) Noise (1o0) Rate
AOA 1.15 deg 10 Hz

TABLE I: Parameters and rate of the simulated sensors.

B. Implementing and comparing the filters

This paper applies the Lie groups framework to two
filters, the (Left) Lie Group Particle filter (L)LG-PF and the
(Left) Lie Group Sequential Markov Chain Monte Carlo filter
(L)LG-SMCMC. To compare the filters, we will use the Root
Mean Square Error (RMSE) which is a measure of the average
deviation between the estimated values produced by a filter
and the true values of the system states. In the case of state
estimation, if e}' represents the error vector of convergent
Monte Carlo run m at time k, and N, represents the number
of convergent runs, then RMSE at time step k can be expressed
as:

Neonw

1
RMSE) = | - > (em)?, (19)
conv m=1
where e’ is defined as:
logdocs ((Ci0)1Coi) -
€ =\ vg -0, (20)
z§ — &y "

This equation provides a quantitative measure of how well
the filter’s estimated values match the true values of the
system states over time. Lower values of RMSE shows better
performance, as they indicate smaller deviations between the
estimated and true values.

The estimated state matrix for Left and Right LG-SMCMC
belongs to the group SFE>(3) [10]:

bk Uk Tk
O1x3 1 0
O1x3 0 1
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Fig. 4: Top down and 3D simulated trajectory. The landmarks
are placed randomly around the trajectory and simulate some
characteristic features in the UAV environment.

On the other hand, Euclidean state is a vector from R° where
the attitude is represented by Euler angles:

xp=| vp |. 22)

The implementation of these filters and the computation of the
Jacobian matrices is detailed in [9].

C. Simulations

The measurements and process noise tuning of the filters
are outlined in Table III, the trajectory is shown in Figure 4
and the initial dispersion of the particles is defined in Table
1L



Initial uncertainties

Standard deviation (10)

Position
Velocity
Attitude angles

300 m
5 m.s~ !
5.73 deg

TABLE II: Initial particle dispersion of the filters, denoted as
Ninitial and following a Gaussian density with zero mean and
a standard deviation specified in this table.

Process noise Standard deviation (1o0)
Position 10 m
Velocity 0.1 m.s™!
Attitude angles 0.573 deg
Measurement noise Standard deviation (10)
AOA 1.15 deg

TABLE III: Standard deviations of the filters, consistent across
all filter types.

The simulations were executed across 100 Monte Carlo
iterations for a total of N, = IV, = 500 particles, comparing
left (L) non-Euclidean methods against their Euclidean
counterparts. Only results from convergent simulations are
analyzed to eliminate statistical outliers. From now on, the
filter fails to converge if during the final five consecutive
measurement time-steps, the position state estimate £, exits
the confidence ellipsoid 'y, defined by the position covariance
matrix P¢ and calculated as per the Mahalanobis distance
convergence criterion:

Dy = {afl(ef — 30" (PO @k — 3%) < af ), (23)

where the threshold ayy, is such that P(x?(3) < a?,) = 0.99
with 2 the Chi-squared distribution. Thus, convergence
rates in Table IV denote the proportion of convergent runs
compared to the total number of Monte Carlo simulations
conducted.

Filters Convergence rates
PF 51%
SMCMC 79%
(L)LG-PF 81%
(L)LG-SMCMC 90%

TABLE IV: Convergence rates of tested filters for 100 MC.

The RMSE values for the simulations regarding position,
velocity, and attitude angles are detailed in Table V. To
enhance readability, the table provides the norm for position
and velocity instead of their individual components.

Filters PF SMCMC | (L)LG-PF | (L)LG-SMCMC
Position [m] 20.03 19.84 11.56 8.86
Velocity [m/s]| 11.26 9.83 11.17 7.62

Roll [deg] 0.404 0.734 0.361 0.162
Pitch [deg] 0.574 0.958 0.366 0.159
Yaw [deg] 0.492 0.592 0.346 0.163

TABLE V: Average final root mean square error norm of the
position and velocity, as well as attitude angles, for convergent
runs.

As shown in Table V, SMCMC variants of the filters
consistently yield significantly lower average errors in
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Fig. 5: RMSE of several filters for N, = 500 particles. The
results are displayed for 100 Monte Carlo runs.



position, velocity and attitude angles. These enhancement
are attributed to the burn-in parameter, a crucial step that
generates state proposals by maximizing likelihood.

Furthermore, SMCMC filters exhibit increased convergence
rates on a small number of particles, showing once more
the effectiveness of these methods in the realm of filtering
algorithms.

In the comparative analysis conducted in Figure 5, Lie
group filters are shown to be very precise and robust,
outperforming their noisy Euclidean counterparts that struggle
with angle estimation. This is notably evident at £k = 650
seconds, where a peak error arises due to the rapid decline of
the trajectory. Lie groups particle filter performance is further
enhanced when coupled with SMCMC techniques, owing to
their ability to accurately represent those rotations.

Therefore, (L)LG-SMCMC addresses the main drawbacks
of particles filters (e.g. high number of particles needed,
weight degeneracy) while preserving the advantages of filters
on Lie Groups (e.g. angles error management, computational
cost) with promising results.

V. CONCLUSION

This paper introduces a new formulation for the Sequential
Monte Carlo Markov Chain filter on Lie groups. This new
framework is a generalization of the SMCMC, as it also
applies to filters designed on the Euclidean space. Besides,
it demonstrated improved accuracy and robustness compared
to Euclidean methods on a simulated scenario with challenging
discrepancies in the noise tuning. Future work will focus
on applying this framework to complex scenarios with
higher dimensional states to further exploit the advantages of
enhanced SMCMC filters on Lie groups.
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